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Resumen 

Let G = ( V , E) be a graph. If G is a Konig graph or G is a graph without 
3-cycles and 5-cycle, we prove that the following conditions are equivalent: 

A g is pure shellable, R/Ia is Cohen-Macaulay, G is unmixed vertex decom¬ 
posable graph and G is well-covered with a perfect matching of Konig type 
e \,..., e g without square with two ebs. We characterize well-covered graphs 
without 3-cycles, 5-cycles and 7-cycles. Also, we study when graphs without 
3-cycles and 5-cycles are vertex decomposable or shellable. Furthermore, we 
give some properties and relations between critical, extendables and shed¬ 
ding vertices. Finally, we characterize unicyclic graphs with each one of the 
following properties: unmixed, vertex decomposable, shellable and Cohen- 
Macaulay. 

Keywords: Cohen-Macaulay, well-covered, unmixed, vertex decomposable, shellable, 
Konig, girth, unicyclic. 


1. Introduction 

Let G be a simple graph (without loops and multiply edges) whose vertex set is 
V(G) = { x i,..., x n } and edge set E(G). Let R = k[x i, x n ] be a polynomial ring 
over a field k, the edge ideal of G, denoted by 1(G) , is the ideal of R generated 
by all monomials XiXj such that {x*, Xj} G E(G). G is a Cohen-Macaulay graph if 
R/1(G) is a Cohen-Macaulay ring (See [2], [20|). A subset F of V (G) is a stable set 
or independent set if e^F for each e € E(G). The cardinality of the maximum 
stable set is denoted by /3(G). G is called well-covered if every maximal stable 
set has the same cardinality. On the other hand, a subset D of V(G) is a vertex 
cover of Gif DOe / 0 for every e G E(G). The number of vertices in a minimum 
vertex cover of G is called the covering number of G and it is denoted by r(G). 
This number coincide with ht(/(G)), the height of 1(G). If the minimal vertex 
covers have the same cardinality then G is called unmixed graph. Notice that, D 

‘Partially supported by CONACYT and ABACUS-CINVESTAV 
"Partially supported by SNI and ABACUS-CINVESTAV 



is a vertex cover if and only if V ( G ) \ D is an stable set. Hence, t(G) = n — /3(G) 
and G is well-covered if and only if G is unmixed. The Stanley-Reisner complex 
of 1(G ), denoted by A^, is the simplicial complex whose faces are the stable 
sets of G. Recall that a simplicial complex A is called pure if every facets has 
the same number of elements. Thus, A q is pure if and only if G is well-covered. 
The well-covered property has been studied for some families of graphs: graphs 
with girth at least 5 (in 0), graphs without 4 or 5-cycles (in 0), simplicial, 
chordal and circular graphs (in [15]), block-cactus graphs (in [16]). In this paper 
(Theorem 14.61) we characterize the well-covered graph without 3-cycles, 5-cycles 
and 7-cycles. 

In section 2 we give some properties and relation between critical, shedding and 
extendable vertices. We use these result for to study the following properties: well- 
covered and vertex decomposable of G; shellability of Aq and Cohen-Macaulay 
property of R/I(G). These properties have been studied in ([2], [3], [5], [TO] . [11], 
m, m, m, m, ». In general, we have that (see m , [2D!) 

vertex-decomposable => shellable => sequentially Cohen-Macaulay 

It is know that if each chordless cycle of G has length 3 or 5 then, G is vertex 
decomposable, (see [22]). Now, in section 3 we characterize vertex decomposable 
graphs without 3-cycles and 5-cycles. This result generalize the criterion given 
in m for shellable graphs. Furthermore, we characterize shellable graphs with 
girth at least 11. 

On the other hand, we have following implications: 

Unmixed vertex decomposable => pure shellable => Cohen-Macaulay well- 
covered 

The equivalence between Cohen-Macaulay property and unmixed vertex decom¬ 
posable property has been studied for some families of graphs: bipartite graphs 
(in [5] and very well covered graphs (in [4] and 03]) ; graphs with girth at 
least 5, block-cactus and graphs without 4-cycles and 5-cycles (in m- In sec¬ 
tion 5 we prove the equivalences of these properties for Konig graphs and graphs 
without 3-cycles and 5-cycles. Furthermore, we prove theses properties are equi¬ 
valent to the following condition: G is unmixed graph with a perfect matching 
e\ = {xi, y i},..., e g = {x g ,y g } of Konig type without squares with two e*’s. 

Finally, in section 6 we characterize the unicyclic graph with each one of the 
following properties: vertex decomposable, shellable, Cohen-Macaulay and well- 
covered. 
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2. Critical, extendable and shedding vertices. 


Let X be a subset of V{G), the subgraph induced by X in G, denoted by G[X\ is 
the graph with vertex set X and whose edge set is {{x,y} £ E(G) \ x,y £ X}. 
Furthermore, G\X denote the induced subgraph G\V(G ) \X], Now, if v £ V(G) 
then the set of neighbours of v is denoted by Nq(v) and its closed neighbourhood 
is = Ng(v) U {x}. The degree of v in G is degc(x) = |Vc(n)|. 

The contraction of the some vertex x in G denoted by G/x, is equivalent to 
the induced subgraph G \ Ng[x]. If G is unmixed, shellable, sequentially Cohen- 
Macaulay or vertex decomposable, then G\ Ng[x\ is unmixed, shellable, sequen¬ 
tially Cohen-Macaulay or vertex decomposable, respectively. (See p], ESI) 

Definition 2.1 G is vertex decomposable if G is a totally disconnected graph or 
there is a vertex v such that 

(a) G \ v and G \ -/Vg[x] are both vertex decomposable, and 

(b) each stable set in G\ Ng[v] is not a maximal stable set in G\v. 

A shedding vertex of G is any vertex which satisfies the condition (b). Equiva¬ 
lently, a shedding vertex is a vertex that satisfies: For every stable set S contained 
in G \ -/Vg-[u], there is some x £ Ng(v ) such that S U {x} is stable. 

Lemma 2.2 If x is a vertex of G, then x is a shedding vertex if and only if 
\N g (x) \ Ng(S)\ > 1 for every stable set S of G\ Ng[x]. 

Proof. =^) We take a stable set S of G \ Ng[x]. Since x is a shedding vertex 
then there is a vertex z £ Ng(x) such that S U {z} is stable set of G \ x. Thus, 
z IVg[5]. Therefore, |iV( 3 (x) \ Ng(S)\ > 1. 

<^=) We take a stable set S of G \ Ng[x], Thus, there exists a vertex z £ Ng(x) \ 
Ng(S). Since z £ Ng(x), we have that z ^ S. Furthermore, z ^ Ng{S) then, 
S U {z} is a stable set of G \ x. Consequently, S is not a maximal stable set of 
G\x. Therefore, x is a shedding vertex. □ 

Definition 2.3 Let S be a stable set of G. If x is of degree zero in G\ Vc[5], 
then x is called isolated vertex in G \ IVg[5], or we say that S isolates to x. 

By Lemma 12.21 we have that x is not a shedding vertex if and only if there exists 
a stable set S of G\ -/Vg[x] such that Ng(x) C Ng{S), i.e. x is an isolated vertex 
in G\N g [S}. 

Corollary 2.4 Let S be a stable set of G. If S isolates to x in G then x is not 
a shedding vertex in G\ Nc[y] for all y £ S. 
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Proof. Since S isolates to x then, 5 is a stable set in G and deg G \ jv G [s](a;) = 0. 
Thus, Ng(x) C iVcfiS] \ S'Hence, if y £ S and G' = G \ Nc[y] then x £ V(G') 
and S PI Nq[x ] = 0. Consequently, S' = S\y is a stable set in G' \ Ng'[x]. Now, 
if a £ Nq'(x) then there exists s £ S' such that {a, s} € E(G'). This implies 
\Ng'(x) \ Ng'(S')\ = 0. Therefore, by Lemma [2721 x is not a shedding vertex in 
G'. □ 

Theorem 2.5 If x is a shedding vertex of G then one of the following condition 
holds: 

(a) There is y £ Nq(x) such that lV G [y] C jVgfx]. 

(b) x is in a 5-cycle. 

Proof. We take Nq(x) = { 2 / 1 , 2 / 2 , yk}- If there is a vertex yi such that lV G [?/j] C 
Nq[x] then G satisfies (a). On the other hand, there are {zi,...,Zf.} C V(G) \ 
Ng[x] such that { y%,Zi } £ E(G) for i £ {1,..., A:}. We can suppose that L = 
{zi, Z 2 , ■■■, z q j = {zi ,..., Zk} with Zi 7 ^ Zj for 1 < i < j < q. By Lemma [2.21 if 
L is a stable set of G then \Ng(x) \ Nq(L)\ > 1. But Nq(x) = {yi,---,yk} 
Nq(L) then L is not a stable set. Hence, k > 2 and there exist Zi 1 , Z{ 2 £ L such 
that {zi 1 , Zi 2 ) £ E(G). Thus, there exist yj 1 and yj 2 such that yj 1 ^ yj 2 and 
{yji,Zii},{y j2 ,z i2 } £ E(G). Therefore, {x,y 31 , z n , z l2 ,y ]2 ) is a 5-cycle of G. □ 

Definition 2.6 A vertex v is called simplicial if the induced subgraph G[1V g (u)] 
is a complete graph or clique. Equivalently, a simplicial vertex is a vertex that 
appears in exactly one clique. 

Remark 2.7 If v,w £ V(G) such that Ng[v] C Ng[vj] then w is a shedding 
vertex of G (see Lemma 6 in [22]). In particular, if v is a simplicial vertex then 
any w £ Nq(v) is a shedding vertex (see Corollary 7 in [22]). 

Corollary 2.8 Let G be graph without f-cycles. If x is a shedding vertex x of G 
then x is in a 5-cycle or there exists a simplicial vertex z such that {x, z} £ E(G ) 
with |A^ g [^]| < 3. 

Proof. By Theorem 12.51 if x is not in a 5-cycle then there is 2 £ Ng(x) such that 
Nq[z] C A1 g [o;]. If deg G ( 2 ) = 1 then z is a simplicial vertex. If deg G ( 2 ;) = 2 then 
Ng(z) = {x,w}. Consequently, ( z,x,w ) is a 3-cycle and z is a simplicial vertex. 
Now, if degc(z) > 3 then there are w\,W 2 £ Nq(z)\x. Thus, W\,W 2 £ Nq{x) since 
Nq[z] C 1V g [x]. Hence, (w\, z, W 2 , x) is a 4-cycle of G. This is a contradiction. 
Therefore, |A^ G [z]| < 3 and z is a simplicial vertex. □ 

Remark 2.9 If G is a 5-cycle with V(G) = {aq, X 2 , X 3 , X 4 , .T 5 } then X{ is a shed¬ 
ding vertex. We can assume that i = 1, then {.T 3 } and { x 4 } are the stable sets in 
G\ Nq[xi]. Furthermore, and {x 2 ,x/±\ are stable sets in G\x 1 . Hence, 
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each stable set of G\Nq[xi] is not a maximal stable set in G\x Therefore, x\ 
is a shedding vertex. 

Definition 2.10 A vertex v of G is critical if t(G\v) < t(G). Furthermore, G 
is called a vertex critical graph if each vertex of G is critical. 

Remark 2.11 If t(G \ v ) < r(G) then t(G) = t(G \ v) + 1. Moreover, v is a 
critical vertex if and only if /3(G) = f3(G\v). 

Proof. If t is a minimal cover vertex such that |f| = t(G\v) then tUv is a vertex 
cover of G. Thus, t(G) < |t U v\ = t(G \ v) + 1. But, if t(G) > t(G \ v) + 1 then 
t(G ) = t(G \ v) + 1. 

Now, we have that t(G)+(3(G) = |P(G)| = |P(G\u)| + l = t(G\v)-\-/3(G\v) + 1. 
Hence, (3(G) = (3(G\v) if and only if r(G) = t(G\v) + 1. Therefore, v is a critical 
vertex if and only if /3(G) = (3(G\v). □ 

Definition 2.12 A vertex v of G is called an extendable vertex if G and G\v 
are well-covered graphs such that (3(G) = f3(G \ v). 

Note that if v is an extendable vertex then every maximal stable set S of G \ v 
contains a vertex of Ng(v). 

Corollary 2.13 Let G be an unmixed graph and x £ V(G). The following con¬ 
dition are equivalents: 

(a) x is an extendable vertex. 

(b) |A r G , (.r) \ Ng(S)\ > 1 for every stable set S of G\ 1Vg[x]. 

(c) x is a shedding vertex. 

(d) x is a critical vertex and G\x is unmixed. 

Proof, (o) <t4> (b) (|6], Lemma 2). 

(b) -<=> (c) By Lemma 12.21 

(a) -<=> (d) Since G is unmixed then by Remark 12. Ill x is extendable if and only 
if x is a critical vertex and G\x is unmixed. □ 

3. Vertex decomposable and shellable properties in 
graphs without 3-cycles and 5-cycles. 


Definition 3.1 A 5-cycle C of G is called basic if C does not contain two adja¬ 
cent vertices of degree three or more in G. 
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Lemma 3.2 If G is a graph then any vertex of degree at least 3 in a basic 5-cycle 
is a shedding vertex. 

Proof. Let C = (aq, X 2 , X 3 , X 4 , X 5 ) be a basic 5-cycle. We suppose that deg G (xi) 
> 3, since C is a basic 5-cycle then deg G (x 2 ) = deg G (xs) = 2 . We take a stable 
set S of G \ Nq[x 1 ]. Since {x^,xa} G E(G) then |5 (~l {x 3 ,X 4 }| < 1. If X 3 ^ S or 
X 4 £ S then S U {aq} or 5u{xs}, respectively, is a stable set of G\aq. Therefore, 
aq is a shedding vertex. □ 

Definition 3.3 A simplicial complex A is shellable if the facets (maximal faces) 
of A can be ordered F\, ...,F S such that for all 1 < i < j < s, there exists some 
veFj\ Fi and some l G {1, ...,j — 1} with Fj \Fi = {u}. Furthermore, F \,..., F s 
is called a shelling of A. The facet set of A is denoted by F{ A). A graph G is 
called shellable if A G is shellable. 

Proposition 3.4 If G is shellable and x is a vertex of G then G \ N g [x] is 
shellable. 

Proof. ([19], Lemma 2.5). □ 

Lemma 3.5 Let G be a graph such that {zi,...,z r } is a stable set. If N = 
U=i N G [zi] and G i+1 =G i \ N G i[ Zi ], with G 1 = G then: 

(a) {zi +\,..., z r } C P(G* +1 ) and 

(b) G r+1 =G\N. 

Proof, (a) By induction on i. If i = 1, since {zi,...,z r } is a stable set then 
{z 2 , ...,z r } n N g [zi\ = 0 and {z 2 ,...,z r } C V(G \ iV G [^i]) = V(G 2 ). Now, by 
induction hypothesis we have that [zi, Zi + 1 ,..., z r } C V(G l ). Since { Zi ,..., z r } is a 
stable set then jAj+i, •••, z r }C\N G i[zi] = 0. Hence, {zi + 1 ,..., z r } C V(G l \N G i[zi\) = 
V{G i+1 ). 

(b) By induction on r. By r = 1, N = A g [^i] then G 2 = G \ N G [z{\ = G \ N. 
Now, if r > 2, we take N 1 = Ui=i N G [zi] and by induction hypothesis we have 
that G r = G \ N 1 . By incise (a), we have that {z r } C V(G r ). We will prove that 
N 1 U N G r [z r \ = N. We have that N 1 C N. Furthermore, if y € N G r [z r ] then 
{y,z r } G E(G r ). Thus, {y,z r } € E{G) and y G N G [z r \. Consequently, y G N. 
Now, if y G N \ N 1 then y G N G [z r \ and y £ N G [zf\ for i G {1, ...,r — 1}. This 
implies that y,z r G V(G r ) and {y,z r } G E(G r ) implying y G N G r[z r \. Hence, 
N = N 1 U N G r[z r \. Therefore, G r+1 = G r \ N G r[z r \ = (G \ N 1 ) \ N G r[z r ] = 
G \ (N 1 U N G r [z r ]) = G\N. □ 

Definition 3.6 A subgraph H of G is called a c-minor (of G) if there exists a 
stable set S of G, such that H = G \ N G [S’]. 

Proposition 3.7 Let H be a c-minor of G. If G is shellable then H is shellable. 
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Remark 3.8 In f|21j. Lemma 6) is proved that: if G has a shedding vertex v and 
if both G\v and G \ N G [u] are shellables with shelling F±, ...,Fk and Gi, ...,G q , 
respectively, then G is shellable. The order of the shelling is F\,..., F k ,G\ U 
U{v}. 

Theorem 3.9 Let G be a connected graph with a basic 5-cycle C. G is a shellable 
graph if and only if there is a shedding vertex x € V(C) such that G\x and 
G\ N G [x] are shellable graphs. 

Proof. =>■) We can suppose that C = (xi, X 2 , X 3 , X 4 , X 5 ). If G = C then G is 
shellable. By Remark 12.91 each vertex is a shedding vertex. Furthermore, G\ = 
G\x 1 is a path with shelling {x 2 ,X 4 }, {x 2 ,x$}, {x 3 ,xs} and G\AIg[xi] is an edge. 
Therefore, G\ and G \ N G [x 1 ] are shellable graphs. Now, we suppose G / C. 
We can assume that degc(xi) > 3 then, since C is a basic 5-cycle degc(x 2 ) = 
degc(x 5 ) = 2. Also, we can suppose degc(x 3 ) = 2 and degc(x 4 ) > 2. By Lemma 
13.21 x\ is a shedding vertex. G \ 7Vg[xi] is a shellable graph by Proposition 13.41 
We will prove that G\ is shellable. Since G is shellable then G 2 = G \ Nq[x 2 ] 
is shellable. We assume that F\,...,F r is a shelling of A q 2 . Now, we take G 3 = 
G \ Ng[x 3 , X 5 ] then G 3 is shellable and whose shelling is Hi, H 2 ,..., Hf. We take 
F £ F(A Gl ). If X 2 £ F then F \ x 2 £ F(Ag 2 ) and there exists Fi such that 
F = Fi U X 2 . If X 2 £ F then X 3 £ F and X 4 ^ F. Thus, X 5 € F. Hence, 
F \ {x 3 , X 5 } £ F(Aq 3 ) then there exist Hj such that F = Hj U {x 3 ,xs}. This 
implies, F(A Gl ) = {F x U {x 2 F r U {x 2 },H 1 U {x 3 , x 5 },H k U {x 3 ,x 5 }}. 
Furthermore, F\ U {X 2 F r U {^ 2 } and Hi U {x 3 ,x§H k U {x 3 ,X 5 } are 
shellings. Now, X 3 £ (Hj U {x 3 ,xs}) \ (F t U {X 2 }) and Hj is a stable set of 
G without vertices of C then Hj U {x 2 ,x^} is a maximal stable set of G since 
N G (x 2 ,x 5 ) = V(C) and {x 2 ,x 5 } £ E(G). Consequently, Hj U{x 2 ,x 5 } = F t U{x 2 } 
for some l £ {1, ...,r} then (Hj U {x 3 ,xs}) \ (F) U {^ 2 }) = {^ 3 }- Therefore, G\ is 
a shellable graph. 

<=) By Remark 13.81 □ 

Definition 3.10 Ifv, w £ V(G) then the distance d(u,v) between u and v in G 
is the length of the shortest path joining them, otherwise d(u,v ) = 00 . Now, if 
H C G then the distance from a vertex v to H is d(v, H) = min{d(v, u) \ u £ 
V(H)}. Furthermore, we define Di(H) = {u £ V(G) \ d(v,H ) = ?'}. 

Lemma 3.11 Let G be a graph. If W C V(G) then D 0 (W) = W and D { (W) = 
{x € V(G) | x ^ Dj(W) for 0 < j < i and x £ N G (Di-i(W))} for i > 0. 

Proof. We take D, = D{(W). By definition Dq = {v £ V(G) \ d(v,W) = 0} = 
W. Now, we take A = {x £ V(G) \ x fz Dj for 0 < j < i and x £ N G (Di_ 1 )}. 
If v £ Di then d(v,W) = i. Consequently, there is a vertex z such that {v,z} £ 
E(G) and d(z,W) = i — 1. Hence, v £ N G (Di_i) \ N G (Dj ) for 0 < j < i. 
Therefore, v £ A. On the other hand, v £ A then d(u, W ) > i since v ^ Dj for 
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0 < j < i and (\{v. W) < i since v £ Nc(Di_ i). Therefore, d(u, W) = i. □ 

Definition 3.12 A cut vertex of a graph is one whose removal increases the num¬ 
ber of connected components. A block of a graph is a maximal subgraph without 
cut vertices. A connected graph without cut vertices with at least three vertices is 
called 2 -connected graph. 

Remark 3.13 Each connected component of a graph G is a c-minor of G. 

Definition 3.14 A vertex of degree one is a leaf or free vertex. Furthermore, an 
edge which is incident with a leaf is called pendant. 

In the following result P is a property closed under c-minors, i.e., if G has the 
property P then each c-minor has the property P. 

Theorem 3.15 Let G be a graph without 3-cycles and 5-cycles with a 2-connected 
block B. If G satisfies the property P and B does not satisfy it then there exists 
x £ Di(B) such that degc(x) = 1 

Proof. By contradiction, we assume that if x £ D\(B), then |IVg(x)| > 1. Thus, 
there exist a,b £ Nq(x) with a ^ b. We can suppose that a £ 1 1(B). If b £ V(B) 
then G[{x}GV (-£>)] is 2-connected, but B C G[{x}UV (R)]. This is a contradiction 
since B is a block. Consequently, V(B) n Nq(x) = {a}. Now, we suppose that 
b £ D\(B). Since there is not a 3-cycle in G, then a N G (b). Hence, there exists 
c £ Nc(b) C V(B) such that c / a. This implies G[{x, b} U V (R)] is 2-connected. 
But B C G[{x,b} U V(B)\, a contradiction then, D\(B) fl Nq(x) = 0. Thus, 
N g (x) fl (V(B) U Di(B)) = {a} and b £ D 2 (B). Now, if D^B) = {xi,...,x r } 
then, there exist such that V(B) fl N G (xi) = {ai}. Furthermore, there exists 
bi such that 6 * £ N G (xi) (~l D 2 {B). We can suppose that L = {b\,...,b r } = 
{b±,... ,b s } with bi 7 ^ bj for 1 < i < j < s. We will prove that L is a stable 
set. Suppose that {6,;, bj} £ E(G ), if ai = aj then (ai,Xi,bi,bj,Xj,ai) is a 5-cycle 
in G. This is a contradiction, consequently ai / aj and the induced subgraph 
G[{xi, bi, bj, Xj} U V{B)\ is 2-connected. But B is a block then, {bi,bj} ^ E(G). 
Therefore, L is a stable set and G' = G \ (Ng[L]) satisfies the property P. 
Furthermore D\(B) C Nq{L) then, B is a connected component of G'. But, B 
does not satisfy P, this is a contradiction. Therefore, there exists a free vertex in 
D^B). □ 

Remark 3.16 The following properties: unmixed, shellable, Cohen-Macaulay, 
sequentially Cohen-Macaulay and vertex decomposable are closed under c-minors. 
(See E, HSU). 

Corollary 3.17 Let G be a graph without 3-cycles and 5-cycles and B a 2- 
connected block. If G is shellable (unmixed, Cohen-Macaulay, sequentially Cohen- 
Macaulay or vertex decomposable) and B is not shellable (unmixed, Cohen - Ma¬ 
caulay, sequentially Cohen-Macaulay or vertex decomposable) then there exists 
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x £ Di(B) such that deg G (x) = 1 


Proof. From Remark 13.1 Gl and Proposition 13.15l there exists x € D\(B) such that 
deg G (x) = 1. □ 

Corollary 3.18 Let G be a bipartite graph and B a 2-connected block. If G is 
shellable then there exists x £ D\(B) such that deg G (x) = 1. 

Proof. Since G is bipartite then B is bipartite. If H is a shellable bipartite 
graph then H has a free vertex, (see }l9j , Lemma 2.8). In particular, H is not 
2-connected. Hence, B is not shellable. Therefore, by Corollary 13.171 there exists 
x £ Di(B) such that deg G (x) = 1. □ 

Lemma 3.19 Let G be a graph without 3-cycles and 5-cycles. If G is vertex 
decomposable then G has a free vertex. 

Proof. Since G is vertex decomposable then, there is a shedding vertex x. Since 
there are not 5-cycles in G then by Theorem [231 there exists y £ lV G [x] such that 
Ng[v\ C Ng[x], If z £ Nc(y)\x then (x, y, z ) is a 3-cycle. This is a contradiction. 
Therefore, lV G (y) = {x} and y is a free vertex. □ 

Remark 3.20 If G is a vertex decomposable graph, then G \ IVc-fS 1 ] is a vertex 
decomposable graph for any S stable set of G 

Proof. See Theorem 2.5 in [l]. □ 

Theorem 3.21 Let G be a graph without 3-cycles and 5-cycles and {x,y} £ 
E(G) such that x is a free vertex. If G\ = G \ fV G [x] and G 2 = G \ fV G [y], then 
G is vertex decomposable if and only if G\ and G 2 are vertex decomposable. 

Proof. =>) By Remark 13.201 G\ and C '2 are vertex decomposable. 

k=) Since Gi is vertex decomposable then G\ U {x} = G \ y is vertex decom¬ 
posable. Furthermore, y is a shedding vertex by -Remark 12.71 and G 2 is vertex 
decomposable. Therefore, G is vertex decomposable. □ 

Corollary 3.22 If G is a 2-connected graph without 3-cycles and 5-cycles then, 
G is not a vertex decomposable. 

Proof. If G is a vertex decomposable graph then, by Lemma 13.191 G has a free 
vertex. This is a contradiction since G is 2-connected. Therefore, G is not vertex 
decomposable. □ 

Definition 3.23 Let G\,G 2 be graphs. If K = G\ flG^ is a complete graph with 
\V{K)\ = k then G = Gi U G 2 is called the k-clique-sum (or clique-sum) of G\ 
and G 2 in K. 

Remark 3.24 In ([ 8 ], Proposition 4.1) is proved that if C n is a n-cycle then 
C n is vertex decomposable, shellable or sequentially Cohen-Macaulay if and only 
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*/ n = 3 or 5. Furthermore, a chordal graph is vertex decomposable, (see [22], 
Corollary 7 (2)) 

Corollary 3.25 If G is the 2-clique-sum of the cycles C\ and C 2 with |V(C'i)| = 
rq < rq = \V(C 2 )\ then, G is vertex decomposable if and only if rq = 3 or 
rq = r 2 = 5. 

Proof. -4=) First, we suppose that rq = 3. Consequently, we can assume C\ = 
(xi,X 2 ,xs) and aq, 2 q £ V’(C'i) D V(C 2 ). Thus, aq is a simplicial vertex. Hence, 
by Remark 12.71 xo is a shedding vertex. Furthermore G\x 2 and G \ Ng[x 2 ] are 
trees then, G \ xq and G \ Ng[x 2 ] are vertex decomposable graphs by Remark 
13.241 Hence, G is vertex decomposable. 

Now, we assume that rq = rq = 5 with Ci = (aq, X 2 , £ 3 , X 4 , X 5 ) and C 2 = 
( 2 / 1 , aq, aq, 2 / 4 , 2 / 5 ). We take a stable set S in G\ iVc^aq]. If X 2 £ S then, S U { 2 : 4 } 
is a stable set in G \ x 5 . If X 2 ^ S then, S U {aq} is a stable set in G \ x 5 . 
Consequently, 2:5 is a shedding vertex. Since X 2 is a neighbour of a free vertex in 
G\ = G \ X 5 then, X 2 is a shedding vertex in Gq. Furthermore, since Gi \ X 2 and 
G\ \ N Gl [ 2 : 2 ] are forest then, they are vertex decomposable graphs by Remark 
13.241 Thus, Gi is vertex decomposable. Now, G \ Ng[x$] = C 2 then it is vertex 
decomposable by Remark 13.241 Therefore, G is vertex decomposable. 

=>) By Corollary 13.221 we have that In, ^ 5 } C {3,5} 0. If r\ 7 ^ 3 then rq = 5 

or V 2 = 5. Consequently, we can assume that {Ci,^} = {C,C'} where C = 
(xi, X 2 , X 3 , X 4 , X 5 ) and X 2 ,x^ £ V{C) C\V{C'). Thus, G \ Nc[xf\ = C' is vertex 
decomposable by Remark l3.2fll then |R(C")| € {3, 5}. But, r 1 / 3 then |R(C' , )| = 5 
and 7 q = r§ = 5. Therefore, rq = 3 or rq = r 2 = 5. □ 

Definition 3.26 The girth of G is the length of the smallest cycle or if G is a 
forest we consider the girth of G infinite. 

Lemma 3.27 Let G be a 2-connected graph with girth at least 11. Then G is not 
shellable. 

Proof. Let r be the girth of G, then there exists a cycle C = (x±,X 2 , ...,x r ). If 
G = C then, G is not shellable. Hence, G ^ C then, D\(C) / 0. We take y € 
.Di(C'), without loss of generality we can assume that {aq, y} £ E(G). If {aq, y} £ 
E(G) for some i £ {2, ...,r} then we take the cycles C\ = (y, aq, aq,..., xf) and 
C 2 = (y,xi,x r ,x r -i, ...,Xi). Thus, |R(Ci)| = i + 1 and |R(C' 2 )| = r — i + 3 
Since r is the girth of G then i + 1 > r and r — i + 3 > r. Consequently, 
3 > i implies 4 > r. But r > 11, this is a contradiction. This implies that 
| Na(y) C V’(C)| = 1. Now, we suppose that there exist 2 / 1 , 2/2 € D\ (C) such that 
12 / 1 ) 2 / 2 } G E(G). We can assume that {aq, y\}, {xi, 2 / 2 } G E(G). Since r > 11 
then, there are not 3-cycles in G. In particular, aq 7 ^ aq. Now, we take the cycle 
C' = ( 1 / 1 , aq,..., aq, 2 / 2 ) and C" = ( 2 / 1 , aq, aq., aq._i, ...,aq,y 2 )- But, \V(C')\ = i + 2 
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and \V{C")\ = r — i + 4. Since r is the girth then i + 2 > r and r — i + 4 > r. 
Hence, 4 > i and 6 > r. This is a contradiction then D\(C) is a stable set. Now, 
since G is 2-connected then for each y £ D\(C ) there exists z £ IV G (y) fl D 2 (C). 
Now, if there exist z\,Zi £ D^ijC) such that {zi,Zi} £ E(G ) then, there exist 
yi,yi £ D\(C) such that {z\,yi}, {zi,yi} £ E(G). Since there are not 3-cycles 
then y\ / y % . We can assume that {aq, yi}, {x*, y,} £ E(G ). Since there are not 
5-cycles then i ^ 1 . Consequently, there exist cycles C[ = (aq, ...,Xi,yi,Zi,Z\,yi) 
and C' 2 = (xi, ...,x r ,xi,yi,zi,Zi,yi). This implies r < |H(C[)| = i + 4 and r < 
\V{C' 2 )\ = r — i + 6 . Hence, i < 6 implies r < 10. This is a contradiction then 
D 2 (C) is a stable set. Thus, C is a connected component of G \ Ng[D- 2 (C)\. But 
C is not shellable, therefore G is not shellable. □ 

Theorem 3.28 If G has girth at least 11 then G is shellable if and only if there 
exists x £ V(G) with Nq(x) = {y} such that G \ Nq[x] and G \ Nc[y\ are 
shellables. 

Proof. <=) By ([19], Theorem 2.9). 

=>) Since shellability is closed under c-minors, it is only necessary to prove that 
there exist x £ V(G), such that degc(x) = 1 . If every block of G is an edge then G 
is a forest and there exist x £ V(G) with degc(x) = 1. Hence, we can assume that 
there exist B a 2-connected block of G. Since B is an induced subgraph of G, then 
its girth is at least 11. Thus, by Lemma T3.271 B is not shellable. Consequently, 
by Theorem 13.151 there exist x £ D\{B) such that deg G (x) = 1. □ 

4. Konig graph and well-covered graphs without 3- 
cycles and 5-cycles. 

In [1] and m proved that Cohen-Macaulay, pure shellable, unmixed vertex de¬ 
composable are equivalent properties if G is a very well-covered graph. Further¬ 
more, they gave a theorem similar to theorem given in m by Herzog and Hibi 
for bipartite graphs. 

In this paper we denoted by Zq the set of the isolated vertices, that is, 

Z G = {x £ V(G) | deg G (x) = 0}. 

Definition 4.1 A graph G is called very well-covered if it is well-covered without 
isolated vertices and with 2ht(I(G )) = |V(G)|. 

Definition 4.2 G is a Konig graph if t(G) = v(G) where v(G) is the maximum 
number of pairwise disjoint edges. A perfect matching of Konig type of G is a 
collection e\, ..., e 3 of pairwise disjoint edges whose union is V(G) and t{G) = g. 
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Proposition 4.3 Let G be a Konig graph and G' = G \ Zq. Then the following 
are equivalent: 

(a) G is unmixed 

(b) If G' ^ 0, then G' has a perfect matching e\, ...,e g of Konig type such that 
for any two edges f\ / f 2 and for two distinct vertices x E fi, y E f 2 
contained in some e*, one has that (/i \ x) U (/2 \ y) is an edge. 

Proof. By ([H], Lemma 2.3 and Proposition 2.9). □ 

Lemma 4.4 G is an unmixed Konig graph if and only ifG is totally disconnected 
or G = G \ Zq is very well-covered. 

Proof. =>) If G is not totally disconnected, then from Proposition 14.31 G' has a 
perfect matching e\,...,e g of Konig type. Hence, \V(G')\ = 2r(G") = 2 ht{I{G')). 
Furthermore, G' is unmixed then G' is well-covered. 

4=) If G is totally disconnected then i'(G) = 0 and r(G') = 0. Hence, G is 
unmixed Konig graph. Now, if G is not totally disconnected then G' is very well- 
covered. Consequently, by m, Remark 2.2) G' has a perfect matching. Thus, 
n(G') = |K(G')|/2 = ht(G') = r(G"). Furthermore, G' is well-covered. Hence, G' 
is unmixed Konig graph. Therefore, G also is unmixed Konig graph. □ 

Lemma 4.5 If G is a well-covered graph without 3-cycles, 5-cycles and 7-cycles, 
then G is a Konig graph. 

Proof. By induction on |K(G)|. We take x E V(G) then, by Remark 13.161 Gi = 
G \ IVcj[x] is an unmixed graph. Furthermore, Gi does not contain 3-cycles, 5- 
cycles and 7-cycles then, by induction hypothesis, G i is Konig, by Proposition l4.31 
If G 2 = G\ \ Zq = 0 then V(G) = Nq[x] U ZfG\\. Hence, x U Zq x and Ng(x) are 
stable set and G is bipartite. Consequently, G is Konig. Therefore, we can assume 
that G 2 7 ^ 0 implying G 2 has a perfect matching ei = {x\, yi},..., e g = {x g ,y g } 
of Konig type. We can assume that Nq(x) = {zi,...,z r } and D = {x\,...,x g } is 
a minimal vertex cover of G. Thus, F = {y \, ...,y g } is a maximal stable set of 
G 2 - Now, we take the subsets: A\ = Ng(z\, ..., z r ) n D, B\ = {yj E F \ Xj G ^4i}, 
L >2 = Ng(zi, ...,z r ) C F and Ho = {xj E D \ yj E Ho}. If there exists yi € Bid B 2 
then Xi E A\ and there exist Zk,z p E Ng{x) such that {xi, z^}, {yi, z p } E E{G). 
If k = p then ( Zk,Xi,yi ) is a 3-cycle and if k ^ p then (x, Zk,Xi, yi, z p ) is a 5-cycle. 
This is a contradiction, consequently B\ n B 2 = 0. Now, we take the subsets 
B 3 = (Ng(A 2 ) n F)\ B 2 , A 3 = {Xj E D \yj E B 3 }, B A = (N g (Ai) dF)\Bi and 
A 4 = {Xj E D | yj E B 4 }. If yi E B\ n B 3 then there exist Xj E Ho and Zk, z p E 
Nq(x) such that {xi,Zk},{yi,Xj} and {yj,z p } E E{G). Hence, if k = p then 
( Zk,Xi , yi,Xj,yj ) is a 5-cycle and if k ^ p then (x, Zk,Xi,yi,Xj,yj, z p ) is a 7-cycle. A 
contradiction, implying B\dB 3 = 0. Now, if y* E H 2 F 1 H 4 then there exist Xj E Hi 
and Zk, z p E Ng(x) such that {Xj , Zk}, {xj,yi} and {yi, z p } E E(G). Consequently, 
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if k = p then ( z k ,Xj,yi ) is a 3-cycle and if k / p then (x, z k ,Xj,yi, z p ) is a 5- 
cycle. This is a contradiction, hence B -2 D B 4 = 0. Now, if m E B 3 n B 4 then 
there exist Xj E A\, x q E A 2 and z k ,z p E Ng(x) such that {xj. yj }, {x q ,yi}, 
{xj,z k } and {y q ,z p } E E(G). Thus, if k = p then (. z k ,Xj,yj,x q ,y q ) is a 5-cycle 
and if k 7 ^ p then (x, z*,, Xj, yi, x q , y q , z p ) is a 7-cycle. This is a contradiction, 
implying B 3 n B 4 = 0. Therefore, Bi, B 2 , B 3 , B 4 , B^ are pairwise disjoint sets, 
where B§ = F \ (B\ U B 2 U B 3 U B 4 ). 

Now, we will prove that if A' = A\ U A 4 U A5 and B' = B\ U B^ U B§ then 
Nq(B') C A' . First, we observe that Ng{Zg 1) C Ng(x). Since S3 n -B5 = 0 then 
IVg^-Bs) H7l2 = 0 - Furthermore, if Xj E JVg (-65)71 A3 then, there exist yj E 65 and 
x q E A2 such that {xj, yj}, {x q ,yi} E E(G). Hence, since G\ is unmixed and by 
Proposition|T 3 ] {x 9 , Vj} = ({x q , yi}\yi)U({xi, yj}\xi) E E{G). Consequently,^- E 
S3 fl S5, this is a contradiction. Therefore, Ng(B$) n A3 = 0 and Ng(Bs) C A'. 
Also, since £>17163 = 0 then -^<2(61)71 A2 = 0 . Furthermore, if Xj E -ZVg(£>i) Tl A3 
then there exist yj E Si, x q € A2 such that [xj, y-j }, {x 9 ,?/j} E E(G). Since G*i is 
unmixed, by Proposition S 3 ] {x q , yj} = ({xj, yj}\xj)U({x g , yj\yj) E E{G). Then 
yj E Si n S3. This is a contradiction, thus Ng{B\) 71 A3 = 0 , and Ng{B\) C A'. 
Now, since -B371B4 = 0 then iVc (64)7^2 = 0 . Furthermore, if Xj E -/Vg(£>4) 71 A3 
then there exist yj E S4 and x g E A2 such that {xj, yj} and {x q ,yi} E E(G). 
Consequently, since G 1 is unmixed {x g ,y,} = ({xj,yj} \ Xj) U ({x g ,yj} \ yi) E 
E(G). This is a contradiction since S3 D S4 = 0 . Hence, Ng(B±) n A3 = 0 and 
N g {B 4 ) C A'. Therefore, Ng(B') = A'. 

This implies G3 = G\Ng-[S / ] = G\(A , US / ). Furthermore, since S' is a stable set 
then, G3 is unmixed without 3 -cycles, 5 -cycles and 7 -cycles. Now, if G 7^ G3 then, 
by induction hypothesis G3 is Konig. That is, t(C? 3) = n(C?3). Consequently, if 
D' is a minimal vertex cover of G3 then D' U A' is a vertex cover of G since 
Ng(B') = A 1 . Furthermore, G[A 7 US'] has a perfect matching with |A r | elements. 
Thus, t(G) < r(G3) + |A , | = v{G$) + \A!\ < v(G). Hence, r(G) = v(G), implying, 
G is Konig. Therefore, we can assume G = G3. 

Now, if there exist Xj, Xj E A2 such that {xj, Xj} E E(G) then there exist z k , z p E 
Ng(x) such that {yi,z k } and {yj,z p } E E(G). If k = p then (. z k ,yi,Xj,Xj,yj ) 
is a 5 -cycle and if k / p then (x, z k , yi, Xi, Xj, yj, z p ) is a 7 -cycle. This is a con¬ 
tradiction, then A2 is a stable set. Similarity, if {xi,Xj} E E(G) with Xj E A2 
and Xj E A3, then there exist x q E A2 such that {x q ,yj} € E(G). If q = i then 
(. Xi,Xj,yj) is a 3 -cycle. This is a contradiction, hence q 7^ i. Consequently, since 
G3 is unmixed and by Proposition 14.31 {xi,x q } = ({xj, Xj}\xj) U ({x q , yj}\yj) E 
E(G3). This is a contradiction since A2 is a stable set of G. Thus, there are not 
edges between A2 and A3. Now, {xj,Xj} E E(G) with x t , Xj E A3 then there is 
a vertex x q E A2 such that {x q ,yi} E E(G). Hence, since G3 is unmixed then 
{xj,x q } = ({xi,Xj} \ Xj) U ({x q ,yi} \ yt) E E(G3). But, there are not edges bet- 
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ween A 2 and A 3 . Therefore, A 3 is a stable set, implying A 2 U A 3 is also a stable 
set in G. This implies, {x} U Zq 1 U B 2 U B 3 and Ng(x ) U A 2 U A 3 are stable sets, 
since NciZc^ C Ng{x), implying G is bipartite. Therefore, G is Konig. □ 

Theorem 4.6 If G is a graph without 3-cycles, 5-cycles and 7-cycles then the 
following conditions are equivalent: 

(1) G is well-covered. 

(2) G has a perfect matching ei,...,e g of Konig type such that if fi, f 2 €= E(G) 

with a € / 1 , b £ f 2 and {a, b} = e* then, (/1 \ a) U (/2 \ b) £ E(G). 

Proof. (1) =>■ (2) By Lemma f4.51 G is Konig. Furthermore, since G is well-covered 
then by Proposition 14.31 G satisfies (2). 

(2) => (1) By Proposition 14.31 G is well covered. □ 

Example 4.7 The subgraph G is unmixed without 3-cycles and 5-cycles. If G is 
Konig then G has a perfect matching by am, Lemma 2.3) and |V(G)| is even. 
But |K(G)| = 9, thus G is not Konig. 
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Lemma 4.8 If G is unmixed graph then for each x € V(G), Nq{x) does not 
contain two free vertices. 

Proof. By contradiction suppose that there exists x G V(G) such that yi,...,y s 
are free vertices in Nq{x 1 ) with s > 2. Hence, G' = G \ Nc[yi, ...,y s ] = G \ 
{x, yi, ..., y s } is unmixed. Now, we take S a maximal stable set of G'. Thus, 

|S'| = P(G') since G’ is unmixed. Consequently, Si = s U {y\, ...,y s } is stable set 
in G. Furthermore, we take S 2 a maximal stable in G such that x € S 2 . This 
implies that S 2 \ x is a stable set in G'. Then, IS 2 I < /3(G") + 1 < |S| + s = |Si|. 
This is a contradiction, since S 2 is a maximal stable set and G is unmixed. □ 

Lemma 4.9 Let G be an unmixed connected graph without 3-cycles and 5-cycles. 
If C is a 7-cycle and H is a c-minor of G with C C H such that C has three non 
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adjacent vertices of degree 2 in H then C is a c-minor of G. 

Proof. We take a minimal c-minor H of G such that C C H and C has three non 
adjacent vertices of degree 2 in H. We can suppose that C = (x , Z\,w\, a, b, w 2 , z 2 ) 
with degfl-(x) = deg//(u>i) = degn(w 2 ) = 2. If {zi,b} £ E(H ) then, (zi, b, w 2 ,z 2 , x) 
is a 5-cycle of G. Thus, {z\,b} ^ E(H), similarity {z 2 ,a} ^ E(H). Furthermore, 
since G does not have 3-cycles then {zi,z 2 },{zi,a}, {z 2 ,b} ^ E(H). Hence, C is 
an induced cycle in H. On the other hand, if there exists v £ V(H) such that 
d(w, C) > 2, then H' = H\ IVcfu] is a c-minor of G and C C H'. This is a contra¬ 
diction by the minimality of H. Therefore, d(u, C) < 1 for each u € V(H). 

Now, if deg//( 6 ) > 3 then there exists c € H(-H) \ V'(C') such that {b, c} € E{H). 
If {c, Z 2 } ^ F’(G') then Nh 1 (z 2 ) has two leaves u >2 and x in H\ = H \ Nh[w\,c]. 
This is a contradiction by Lemma [4.81 Thus, {c, z 2 } € E(H). Furthermore, {a, c}, 
{ 21 , c} fi E(H) since (a, b, c) and w\, a, b, c) are not cycles in G. Hence, if 
degtf(c) > 3 then there exists d £ V(H) \ V(C) such that {c, d} € E(H). Also, 
{d,b}, {d, z 2 }, {d, zi} E(H) since ( c,b,d ), ( z 2 ,b,c ) and (z\,x,z 2 ,c,d) are not 
cycles of G. But, d(d,C) < 1 then, {a, d} £ E(H). Consequently, Nh 2 (zi) has 
two leaves w\ and x in H 2 = H \ Nn\d,w 2 \. This is a contradiction, by Lemma 
14.81 then, degjy(c) = 2. But, Nh 3 (z 2 ) has two leaves iu 2 and c in H 3 = H \ IV//[a]. 
A contradiction, therefore, deg//( 6 ) = 2 . Similarity, deg//(a) = 2 . 

Now, if deg h{z 2 ) > 3 then there exists c! £ V(H) \ V(C) such that {c',z 2 } £ 
E(H). If there exists d' £ V(H) \ V(C) such that {<f,d'} £ E(H) then, {d', z\} 
or {d\z 2 } £ E(G), since d (d',C) < 1. But ( c',d',z 2 ) and (x, z 2 , c r ,d', z\) are 
not cycles of H. Thus, IV//(c 7 ) C {zi,z 2 }. Consequently, Nh 4 (z 2 ) has two leaves 
x and c' in H 4 = H \ Nh[w 1 ]. This is a contradiction by Lemma 14.81 hence, 
deg//(£ 2 ) = 2. Similarity, deg//(zi) = 2. Furthermore, by the minimality, H is 
connected. Therefore, H = C and C is a c-minor of G. □ 

5. Konig and Cohen-Macaulay graphs without 3-cycles 
and 5-cycles. 


Proposition 5.1 Let G be a Konig graph. If G' = G\ Zq then, the following 
properties are equiva-lent: 

(i) G is unmixed vertex decomposable. 

(ii) A q is pure shellable. 

(iii) R/I(G) is Cohen-Macaulay. 
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(iv) G' = 0 or G' is an unmixed graph with a perfect matching e \,..., e g of Konig 
type without squares with two e%’s. 

(v) G' = 0 or there exists relabelling of vertices V{G') = {x\,Xh, yi, Vh} 
such that {x\,yi}, ...,{xh,Vh} is a perfect matching, X = {x\,...,Xh} is a 
minimal vertex cover of G' and the following conditions holds: 

(a) If ai £ {xi,yi} and {ai,Xj},{yj,x k } £ E(G'), then {aj.,x k } £ E{G') 
for distinct i,j , k; 

(b) If {xi,yj} £ E(G'), then i < j. 

Proof. (i)44(ii)<t4(iii) In each case G is unmixed and Konig then by Lemma 14.41 
G is totally disconnected or G' is very well-covered. If G is totally disconnected 
then we obtain the equivalences. Now, if G' is very well covered then by ( na, 
Theorem 1.1) we obtain the equivalences. 

(iv) -O-(iii) We can assume that G' ^ 0 then by Lemma 14.41 G' is very well- 
covered. Hence, by m, Theorem 3.4) since G = G' U Zq therefore, G Cohen- 
Macaulay. 

(iii)=r- (v) Since R/I(G ) is Cohen-Macaulay then G is unmixed. Thus, by Lemma 
KM we can assume that G' is very well-covered and by am, Lemma 3.1) G' 
satisfies (v). 

(v) =>(iv) We can assume that G' / 0. Since, G' has a perfect matching ei,..., 

then v{G') = h. Furthermore, X is a minimal vertex cover, then t(G') = h and 
e\,...,eh is a perfect matching of Konig type. Thus, from (a) and Proposition 
m G' is unmixed. Finally, from (b) there are not square with two ej’s. Since, 
{yi, ...,2//i} is a stable set. Therefore, G' satisfies (iv). □ 

Corollary 5.2 Let G be a connected Konig graph. If G is a Cohen-Macaulay 
graph then G is an isolated vertex or G has at least a free vertex. 

Proof. By Proposition ^. 1 1 (v). G is an isolated vertex or G has a perfect matching 
e\ = {x\, yi },..., e/j = {x k , yh} where {aq, ..., Xh} is a minimal vertex cover. Thus, 
{yii -i Ug} is a maximal stable set. Furthermore, if {aq, yj} then i < j. Therefore, 
N G (yi) = that is, y\ is a free vertex. □ 

Lemma 5.3 Let G be an connected Cohen-Macaulay graph with a perfect mat¬ 
ching e\, ..., e g of Konig type without square with two e* ’s and g > 2. For each 
z € V(G) we have that: 

(a) Ifdeg G (z) > 2 then there exist {z,w\}, {w±,W 2 } G E(G) such that deg G (w 2 ) 

= 1. Furthermore, e* = {w±,W 2 } for some i £ {1, ...,<?}. 

(b) If deg G (z) = 1 then there exist {z, uq}, {uq, ^ 2 }, {^ 2 , ^ 3 } G E(G) such 
that deg G (rc 3 ) = 1. Furthermore, e* = {z,w 1 } and e.j = {w 2 ,u> 3 } for some 


16 


hj e {1,-,51- 

Proof. Since e\ = {x\,y\}, ...,e g = {x g ,y g } is a perfect matching of Konig type 
we can assume D = {x\, ...,x g } a minimal vertex cover. Thus, F = {y±, ...,y g } is 
a maximal stable set. We take any vertex z E V(G). By Proposition 15.11 we can 
assume that if {xi,yj} E E(G) then i < j. 

(a) First, we suppose that z = x^ and there is a vertex Xj in Nc{xk). If yj is 
a free vertex then, we take w\ = Xj and u> 2 = yj- Consequently, e.j = {w\,W 2 }- 
Now, we can assume Nc(yj) \ Xj = {x Pl , ...,x Pr } with p\ < ■ ■ ■ < p r < j. If y Pl 
is not a free vertex then, there is a vertex x p with p < p\ such that {x p ,y Pl } E 
E(G). Since G is unmixed and from Proposition 14.31 we obtain that {x p ,yj} = 
({ x p ,y Pl }\y Pl )U({yj,x Pl }\x Pl ) E E(G). But p < pi, this is a contradiction since 
pi is minimal. Consequently, deg G (y pi ) = 1- Also, since G is unmixed and from 
Proposition 14.31 we have that {xk,x Pl } = ({xk, Xj} \ Xj) U {{x Pl , yj}\yj) E E(G). 
Therefore, we take w± = x pi and W 2 = y pi , furthermore, e pi = {wi,W 2 }- Now, 
we assume that z = Xk and Nc(xk) \yk = {ijji, ■■■iVjt} with k < j\ < ■ ■ ■ < jt- 
We suppose that degc^t) > 2. If there is a vertex y r such that {xj t ,y r } E E(G) 
then {xk,y r } = ({ Xk , Vj t }\ Vj t ) U ({y r , Xj t } \ x jt) ^ E(G), since G is unmixed and 
Proposition 14.31 This is a contradiction, since r > jt and jt is maximal. Thus, 
there exist a vertex x p such that {xj t , x p } E E(G). But, since G is unmixed then, 
{xk, x p } = {{x k ,y jt } \ y jt ) U ({x p , x jt } \ x jt ) E E{G) by Proposition S3) This is a 
contradiction, since Nc{xk)\yk = {yji, yi t }- Hence, degc(xj t ) = 1. Therefore, 
we take w\ = ijj t and W 2 = Xj t , implying, e gt = {w\,W 2 }- 

Finally, we assume that z = yk, since yk is not a free vertex then Nc(yk) \ Xk = 
{xj t ,..., Xj r } with ji <•••<> < k. If ijj i is not a free vertex then there is 
a vertex x q such that {x qi yj x } E E(G) with q < j\. This implies {x q ,yk} = 
({xq, yj 1 } \ yj 1 ) U {{xj 1 ,yk} \ Xj x ) E E(G). But q < j\. this is a contradiction. 
Therefore, deg c(yj) = 1 and we take w\ = x n and W 2 = yj x , furthermore, 
e- n = {u>i, u> 2 }- 

(b) Since e\, ...,e g is a perfect matching then there exists i E {1, ..., 5 } such that 

e* = {z, z'}. Furthermore, since G is connected, g > 2 and z is a free vertex, 
then deg G (z') > 2. Hence, by incise (a) there exist vj\ , w ' 2 E V(G) such that 
{z',w[}, {w'i,w' 2 } E E(G) where degG(u> 2 ) = 1 an d {rh [, 1 X 2 } = e j for some 
j E {1,..., < 7 }. Therefore, we take w\ = z', W 2 = w\ , W 3 = w' 2 . Consequently 
ei = {z,w 1 }. □ 

Theorem 5.4 Let G be a graph without 3-cycles and 5-cycles. If G 1 , ...,Gk are 
the connected components of G, then the following condition are equivalent: 

(a) G is unmixed vertex decomposable. 

(b) G is pure shellable. 


17 


(c) G is Cohen-Macaulay 

(d) G is unmixed and ifGi is not a isolated vertex then Gi has a perfect matching 

ei,...,e g of Konig type without squares with two e^s. 

Proof, (a) => (b) => (c) It is known 

(d) => (a) Each component Gi is Konig then G is Konig. Therefore, from Propo¬ 
sition 15.11 G is unmixed vertex decomposable. 

(c) =>■ (d) Since G is Cohen-Macaulay then, G is unmixed. Now, by induction 
on \V(G)\. We take x G V(G) such that degc(a;) is minimal. If r = dego(x) 
then, we will prove that r < 1. We suppose Nq(x) = {zi,...,z r } with r > 2. 
Furthermore, since G does not contain 3-cycles Nq(x) is a stable set. By Re¬ 
mark [3T61 G' = G \ Ng[x] is a Cohen-Macaulay graph. We take G[, ...,G' S , the 
connected components of G'. By induction hypothesis G' satisfies (d). We can 
assume that K(G') = {yt} for i G {l,...,s}. Since degc(a:) is minimal then, 
{y t . Zj} G E(G) for all i G {l,...,s} and j G {l,...,r}. If k = k' then, the only 
maximal stable sets of G are {yi,..., j/fe, x} and {z\,z r }. Thus, G is biparti¬ 
te, hence G has a free vertex. This is a contradiction. Consequently, there is a 
component G\ with an edge e = {w,w'}. Since degG(x’) is minimal then, there 
exist a,b G V(G) such that {a,w},{b,w} G E(G). If a = b then, ( a,w,w ') is a 
3-cycle in G. Hence, a ^ b. Now, if a, b G Nq(x) then (x, a,w,w',b) is a 5-cycle 
in G. Thus, \{w,w',a,b} fl V{G[)\ > 3. Furthermore, since G[ has a perfect mat¬ 
ching then, r(G') > 2. Furthermore, by Corollary 15.21 G\ has a free vertex a'. 
Then, by Lemma T5.3I (b). there exist edges {a',wi}, {w±,W 2 }, {w 2 ,b'} G E(G'f) 
such that degc/(a / ) = degc/( 6 / ) = 1. By the minimality of degc(x) we have that 
a and b are adjacent with at least r — 1 neighbour vertices of x. If r > 3 then 
there exists Zj such that zj G Nq{cl ) D Nc(b). This implies, (a,wi,W 2 ,b, Zj) is 
a 5-cycle of G, this is a contradiction. Consequently, r = 2. Furthermore, we 
can assume that {a,, ^i}, {t>, ^ 2 } £ E(G), implying C = (x, zi, a, w\, W 2 , b, Z 2 ) is a 
7-cycle with deg c(b) = degc(a) = degG(x) = 2. Hence, by Lemma H~9l G has C 
as a c-minor. This is a contradiction, since a 7-cycle is not Cohen-Macaulay and 
the c-minors of Cohen-Macaulay graphs are Cohen-Macaulay graphs. Therefore, 
degc(x) = r < 1 . 

If r = 0 then, the result is clear. Now, if r = 1 then, Nq(x) = {z}. We can assume 
that zGf (Gi). Thus, the connected components of G \ Ng[x] are F \, G 2 , ■■■, Gk 
where F\ = G\ \ Ng[x]. By induction hypothesis G 2 , ..., Gk satisfy (d) and there 
exist e\ = {x\,yi}, ...,e g = {x g i,y g '} a perfect matching of Konig type of Tj. 
We can assume that D' = {x±, ...,x g >} is a minimal vertex cover of G'. Con¬ 
sequently, ei,..., e g >, e g / + i = {x,z} is a perfect matching of G\ . Furthermore, 
D = {x\ : ...,x g /,z} is a vertex cover of G, then g' + 1 < v(G{) < r(Gi) < \D\. 
Hence, z/(Gi) = r(Gi) = g' + 1 and ei, ...,e g > + i is a perfect matching of Konig 
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type of G i- Furthermore, there are not square with two e^’s in ei, e g > and x is a 
free vertex. Therefore, G± does not contain square with two ej’s for i = 1,..., g' + l. 

□ 

Corollary 5.5 Let G be a graph without 3-cycles and 5-cycles. If G is Cohen- 
Macaulay then G has at least an extendable vertex x adjacent to a free vertex. 

Proof. From Theorem 15.41 G is Konig. Thus, by Corollary 15.21 there exists a free 
vertex x. If Nq{x) = {y}, therefore, by Remark l2.7l y is an extendable vertex. □ 

Definition 5.6 Let G be a graph and let S C V(G). For use below consider the 
graph G U Wc{S) obtained from G by adding new vertices {yi \ Xi £ S} and 
new edges {{xj,yj} \ Xi G 5}. The edges {xi,yi} are called whiskers (pendants). 
G is called whisker graph if there exists an induced subgraph H of G such that 
V(H) = {si,..., x s }, V(G) = V(H) U{yi,..., y s } and E(G) = E(H)UW(H) where 
W(H) = {{xi, 2 / 1 },..., {x s , 2 / s }}. Its pendant edges form a perfect matching. 

Corollary 5.7 If G is a connected graph of girth 6 or more, then the following 
condition are equivalent: 

(i) G is unmixed vertex decomposable. 

(ii) Aq is pure shellable. 

(iii) R/I(G) is Cohen-Macaulay. 

(iv) G is unmixed and Konig. 

(v) G is an isolated vertex or G very well-covered. 

(vi) G is unmixed with G / Cj. 

(vii) G is an isolated vertex or G unmixed whiskers. 

Proof, (i) => (ii) => (iii) It is known, (iii) => (iv) G is unmixed and from Theorem 
15.41 G is Konig. (iv) => (v) From Lemma 14.41 (v) =>■ (vi) It is clear, since C 7 is 
not very well-covered. 

(vi) => (vii) By ([ 6 ], Corollary 5), if G is not an isolated vertex then, the pendant 
edges {xi,yi },..., {x g ,y g } of G form a perfect matching since {xi, y*} is a pendant 
edge. We can assume that deg G (yj) = 1 for all i = 1 ,...,g. Hence, if G' = 
G[x i,...,x n ] and G = Cf U W (Vc") with W(V(G')) = {yi,...,y g }, therefore G 
is the whisker graph. 

(vii) =>■ (i) If G is an isolated vertex, it is clear. Now, if G is a whisker graph, 
then there exists a perfect matching ei = {xi, yi },..., e g = {x g ,y g } such that 
deg c(yi) = 1 for i = 1, ...,g. Thus, D = {x\, ...,x g } a minimal vertex cover and 
t(G) = g. Hence, ei,...,e s is a perfect matching of Konig type without square 
with two efs. Therefore, by Theorem [53 G is unmixed vertex decomposable. □ 
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6. Unicyclic graphs. 


Definition 6.1 A unicyclic graph is a connected graph with exactly one cycle. 

Theorem 6.2 Let G be a unicyclic graph whose cycle is C then, the following 
conditions are equivalent: 

(1) G is vertex decomposable. 

(2) G is shellable 

(3) G is sequentially Cohen-Macaulay. 

(4) \V{C)\ £ {3,5} or there exists x £ D\(C) such that dego(x) = 1 
Proof. (1) =>■ (2) => (3) It is known. 

(3) =$■ (4) If |P(C)| ^ {3, 5} then, the cycle C is not sequentially Cohen-Macaulay. 
Furthermore, C is the only 2-connected block in G then, by Theorem 13.151 there 
exists x £ D\{C ) such that degcOr) = 1. 

(4) (1) If \V{C)\ = {3,5} then, G is vertex decomposable by ([22], Theorem 
1 ) 

Now, if \V{C)\ ^ 3,5, then C is not vertex decomposable. Hence, by Corollary 
13.171 there exists x £ D\(C) such that degG(x’) = 1. If Nq(x) = {y} then y is a 
shedding vertex. Since y £ V (C), then G\y and G\A^c[y] are forests, consequently 
they are vertex decomposable. Therefore, G is vertex decomposable. □ 

Definition 6.3 A clique S of a graph G containing at least one simplicial vertex 
of G is called a simplex of G. 

Definition 6.4 A 4-cycle is called basic if it contains two adjacent vertices of 
degree two, and the remaining two vertices belong to a simplex or a basic 5-cycle 
of G. 

Remark 6.5 In the case unicyclic graph we have that a 4-cycle is basic if it 
contains two adjacent vertices of degree two and the remaining two vertices is 
jointed to free vertex. 

Definition 6.6 A graph G is in the family SQC, ifV(G) can be partitioned into 
three disjoint subsets Sq, Qg and Cq: the subset So contains all vertices of the 
simplexes of G, and the simplexes of G are vertex disjoint; the subset Cg consists 
of the vertices of the basic 5-cycles and the basic 5-cycles form a partition of Cq; 
the remaining set Qg contains all vertices of degree two of the basic 4-cycles. 

Remark 6.7 If G £ SQC then G is vertex decomposable by am, Theorem 2.3) 
and G is unmixed by am, Theorem 3.1). 
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Lemma 6.8 If x is a free vertex of G such that G' = G\ Nq[x] is an unmixed 
whiskers. If there are not cycle C of G such that z £ V(C ) where {x,z} £ E(G ) 
then G is a whisker. 

Proof. Let Gi,...,G s be the connected components of G then there exist induced 
subgraphs Hi, ...,H S such that V (Hf) = {x\, —,x l r .}, V(Gf) = V(Hi)(J{y\, ...,y l r .} 
and E(Gi) = E{Hf) U W^Hf) where W{Hi) = {{x\, y \},..., {x*., y*.}}. If {x,zj 
is a connected component of G then G = {x, z} U G\ U • • • U G s and each com¬ 
ponent is a whisker graph, therefore, G is a whisker graph. Now, if there are 
w\,w\ £ E(Gi) such that {w\, z}, {w l 2 , z} £ E(G) then there exists a path 
{w\, vi,..., v m , w z 2 } since Gi is connected and Vk £ V(Gi) for k £ {1, ...,m}, 
therefore, z £V ( C ) = (z, w\,v i,..., v m , w\), this is a contradiction by hypothesis. 
Thus \Ng(z) P\V(Gi)\ < 1 for i £ {1,..., s}. If \V(Gf)\ = 2 then deg G .(xi) = 
deg G .(y^) = 1, therefore, if {w,z} £ E(G) with w £ {x\,y\} then Gi U {x, z} is 
a whisker graph. We can suppose |H(Gj)| > 3, then if {z,yj} £ E{G) for some 
j £ {1,..., ri} then there is a vertex w such that (u), x r } £ V(Gi) since \V(Gi)\ > 3 
then Nqi(z) has two leaves yj and x in G' = G \ IV G [w;], this is contradiction, 
therefore, {z, yj} ^ E(G) for all j £ {1,..., rj}. Thus, {x*,z} £ E(G) for some 
j £ {1, ...,rj}, we can take V(H) = U*=i v ( H i)U{z}, V(G) = U-=i V(Gi)U{z,x} 
and E(G) = E(H) U W(H) where W(H) = U- = i W(Hi) U {x,z}. Therefore, G 
is a whisker graph. □ 

Remark 6.9 In ([20]. Theorem 7.3.17) is proved that if G is a tree then G is a 
Cohen-Macaulay graph if and only if G is unmixed if and only if G is a whisker 
graph, in the following result we characterize the unicyclic graph unmixed and 
Cohen-Macaulay. 

Theorem 6.10 Let G be a connected unicyclic graph whose cycle is C then, G 
is well-covered if and only if G satisfies one of the following conditions: 

(a) G £ {C 3 , C 4 , C 5 C 7 }. 

(b) G is a whisker graph. 

(c) C is a simplex 3-cycle or a basic 5-cycle and G\V ( C ) is a whisker graph. 

(d) C is a basic 4-cycle with two adjacent vertices a, b of degree 2 in G such that 
G \ {a, b} is a whisker graph. 

Proof. =>) By induction on l = \V(G) \ V(C)\. If l = 0 then, G = C and G 
satisfies (a) since the unmixed cycles are 63 , 64 , C 5 and 67 . Now, if l > 1 then, 
we can suppose that C = (yi,--.,yk) with k > 3. Hence, C C G. Since C is the 
only cycle in G then, there is a free vertex x such that Nq(x) = {z}. We can 
take x such that d (x,C) = max{d(a, C)\ a £ V(G), deg G (a) = 1}. Furthermore, 
we can suppose that Nq(x) = {z}. Since G is unmixed then, G' = G\ IV G [x] is 
unmixed by Remark 13.161 
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If d(x,G) > 2 then G C G' and G' satisfies (a), (b), (c) or (d) by induction 
hypothesis. If G' satisfies (a) then, G' = C r with r € { 3 , 4 , 5 , 7 }. We can assume 
that C r = ( yi,...,y r ) and {242/1} € E(G). If r = 4 or 7 then Ng 2 (z) has two 
leaves x and y\ in G2 = G \ Ng[v 3, y r -i\- This is a contradiction by Lemma l 4 ~ 8 l 
if r = 3 or 5 . Therefore, G[ = G' \ Nc[y2} = V(G) is the edge {x, z}. Then 
G'i U {x, z} is a whisker graph and G3 or G5 is a simplex 3 -cycle or a basic 5 - 
cycle in G. Hence, G satisfies (c). If G' satisfies (b) then G is a whisker graph 
by Lemma 16.81 Hence, G satisfies (b). If G' satisfies (c) then C is a simplex 3 - 
cycle or a basic 5 -cycle and G} is a whisker forest graph. C3 is simplex in G 
since if {z, 2/1} £ E(G ) and there are not simplicial vertices in C3 then there 
are £2,23 £ V(G) such that {2/2, ^2}, {2/3, -^3} £ E(G). Therefore, Ng 3 (z) has 
two leaves in G3 = G \ Ng\z2,z^. This is a contradiction. If G5 is not basic 
in G then there are two adjacent vertices in G5 such that deg G (2/i) > 3 and 
deg G (y2) > 3 then there is 22 such that {2/2,^2} £ E(G). Therefore, Ng 4 (z) has 
two leaves 2/1 and x in G4 = G \ IV G [22,2/4]- This is a contradiction. Then, G5 
is a basic 5 -cycle in G. Furthermore, G\ = G} U {x, z} is a whisker graph by 
Lemma [6781 Thus, G satisfies (c). If G' satisfies (d). Hence, G is a basic 4 -cycle 
(a, b, c, d) with deg G /(a) = deg G /(fr) = 2 such that G' \ (a, b} is a whisker graph. 
If {a, z} £ E(G) then Ng 5 (z ) has two leaves x and a in G5 = G \ IV G [c], this is 
a contradiction by Lemma I 4 ~ 8 l Then {a, z} E(G ). Similarity, {b, z} £ E{G). 
Therefore, deg G (a) =deg G (&) = 2 and G\{a, b} = ( G'\{a , 6})U{x, z} is a whisker 
graph by Lemma ItTKl Thus, G satisfies (d). 

If d (x,C) = 1 then V(G) = V{C) UDi(G) and G' is a forest, therefore, G' is a 
whisker graph by Remark 16.91 also, there is a vertex y* £ V(C ) such that 2; = y 4 . 
We can assume i = 1 . Since G is unicyclic, if w £ D\(C) then w is a free vertex. If 
each yi £ V(C) is adjacent to one free vertex then G is a whisker graph. Then G 
satisfies (b). If there is a vertex yj £ V(C) such that deg cillj) = 2 , without loss 
of generality, we can assume i = 2 then, |F(G)| < 5 by ([6], Corollary 5 ). If r = 3 
then G is a simplex 3 -cycle. Furthermore, G\ = G \ V{C ) = G \ A^ G [?/2] is not a 
whisker graph since the vertex {x} is isolated in Gi. Therefore, deg G (yi) = 3 for 
all i £ { 1 , 2 , 3 }. Thus, G satisfies (b). Now, if r = 5 , then NG 7 (yi) has two leaves 
x and y2 in G7 = G \ IV G [y4], This is not possible. Therefore, each y t £ V(C ) is 
adjacent to a free vertex. Hence, G is a whisker graph. Thus, G satisfies (b). If 
r = 4 , if deg G (y4) = 2 then IV G /(?/3) has two leaves 2/2 and 2/4 in G' . Consequently, 
deg G (2/4) > 3 and there is a free vertex 24 such that {2/4,24} £ E{G). Now, if 
deg G (2/3) > 3 , then there is a free vertex 2:3 such that {2/3, ^3} £ E(G). Thus, 
IV Gg (2/3) has two leaves 2/2 and 2:3 in Gg = G\ Nq[x, Z4]. Hence, deg G (2/3) = 2 and 
G is a basic 4 -cycle. Furthermore, G\ {222,2/3} is a whisker graph. Therefore, G 
satisfies (d). 

4=) The families (a),(b),(c) and (d) are in SQC U {C 4 ,G 7 }, then by Remark 16.71 
they are unmixed. □ 
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Corollary 6.11 Let G be an unicyclic graph then, the following condition are 
equivalent: 

(1) G is unmixed vertex decomposable. 

(2) G is pure shellable 

(3) G is Cohen-Macaulay. 

(4) G is unmixed and G 7 ^ C4, C\. 

Proof. (1)<^(2)<^(3) By Theorem 16.21 

(3) => (4) Since G is Cohen-Macaulay then G is unmixed. Furthermore, C 4 and 
C^ are not Cohen-Macaulay. 

(4) => (1) Let C be the cycle of G. By Theorem 16. 101 G € SQC since G 7 ^ C 4 , C-j. 

Therefore G is vertex decomposable by Remark 16.71 □ 

Corollary 6.12 If G is an unmixed unicyclic then G is vertex decomposable if 
and only if G 7 ^ C4, C-j. 

Proof. By Corollary 16. Ill □ 
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